Examples are presented of finite-dimensional algebras that admit no positive grading (that is, a nontrivial grading indexed by the natural numbers). Some of these examples have finite global dimension (they are even quasihereditary), and yield a negative answer to a question of Anick and Green. It is easy to see that any split finite-dimensional AT-algebra A with radical J = J(A) such that J} = 0 has a positive semisimple grading. Indeed, then A contains a subalgebra A0 (isomorphic to a direct sum of matrix rings over K ) such that kA -A0®J and Aq®kAqP is semisimple, so that J = Ay®J2 as an Aq-Aq bimodule; the grading is A = Ao®A\ ®Aj with Aj = J2. In particular, any split algebra of dimension four over K has a positive semisimple grading because it must have J3 = 0 or be uniserial.
A finite-dimensional algebra A over a field K has a positive semisimple grading in case there is a AT-decomposition A = ^y A" It is easy to see that any split finite-dimensional AT-algebra A with radical J = J(A) such that J} = 0 has a positive semisimple grading. Indeed, then A contains a subalgebra A0 (isomorphic to a direct sum of matrix rings over K ) such that kA -A0®J and Aq®kAqP is semisimple, so that J = Ay®J2 as an Aq-Aq bimodule; the grading is A = Ao®A\ ®Aj with Aj = J2. In particular, any split algebra of dimension four over K has a positive semisimple grading because it must have J3 = 0 or be uniserial.
With these observations in mind we present a split Ä^-algebra with dimfjt^) = 5 and J4 = 0 that admits no positive semisimple grading.
1. Example. In the free associative algebra K(X, Y) over a field K, let / be the ideal generated by the elements X3, XY, YX2 , X2 -73, and YX -73, and let A = K(X, Y)/I. Then A is a local QF algebra that admits no positive semisimple grading.
Proof. Let x and y denote the residue classes of X and Y, respectively. Then the elements 1, x, y, y2, and y3 form a A"-basis of A , and we have x2 = yx = y3, xy = 0, and y4 = 0. Letting J = J(A), direct calculations show that the left and right lower Loewy series of A coincide (we denote them by S = Soc(R), S2 = Soc2(R), etc.) and that Thus all products ^4m^4" must be contained in Ak® A¡, and so Ak®Al = J2. Now, since J3 / 0, it follows that ^4,^ = A¡ or ^vá,t = /!/. The latter implies AjAk = 0, so v4,/2 = 0 and hence A¡ ç S2 but .4, ^ 72. Then by (3) A2 = A¡, which yields the contradiction j + k = I = 2i. Finally, suppose that AiAk = Ai, then A,Ak = 0 so AJ2 = 0 and S2 = ^; ©4* ®A¡. Now by (2) and (3) and A12 = K-x4 , where x and y are the images, respectively, of X and Y in A and the A"-basis {1, x, x2, x3, x4, y, y2, xy, x2y} is chosen. On the other hand it can be shown that if K -Z/2Z, A has no nontrivial integral grading.
